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Unsteady Transonic Flow:
Flow About a Suddenly Deflected Wedge
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Analysis of unsteady transonic flows is important in the understanding of maneuvering and accelerating flight
near the speed of sound. The flow about a suddenly deflected two-dimensional wedge is investigated. Asymptotic
methods are used to develop the appropriate unsteady transonic small-disturbance formulation. Numerical calcu-
lations are presented and discussed that show the development of shock patterns and the approach to steady state
for flows with Mach numbers in the neighborhood of 1.

Introduction

N this paper, the flow about a suddenly deflected wedge in a uni-

form stream with upstream Mach number M ___near 1 is studied.
Asymptotic methods are used to develop the appropriate unsteady
transonic small disturbance formulation of the problem on which
numerical computation is then carried out. The development of the
shock patterns and the approach to steady state is shown in cases
where M__ < 1 (subsonic), M = 1 (sonic),and M __ > 1 (super-
sonic), where M_=U la ithe upstream Mach number for the
flow and a___is the speed ofSound in the undisturbed gas.

Considera uniform steady flow in the x *direction for * < 0 (and
for £+ > 0 at upstream infinity) with speed U a_, At t*= 0, a
wedge, originally the line x* > 0, y*= 0, opens to an angle & < 1
so that for #* > 0 the wedge is located at y* = 4 Ox% x* > 0.
Because the problem is symmetric about y* = 0, we consider only
»* > 0 henceforth, and the vertical velocity at y* = 0 is zero for
x*xZ0.

To study this problem, we note that, because the shocks are weak,
the flow is isentropic with small corrections so that a potential,
D(x* y*, t%), describes the primary flow. The full two-dimensional
potential formulation is'

(az —_ q)%*)q)v £ —ch‘( *ch*cDx *) % + (az — q)}z,*)q)y*y*
—chx*cDx*t*_chy*ch*[*_CD,*[*: 0 (1)
where a, the local speed of sound, is given by

a’ CD:zc*+ q)i* a U’

D, = —00 4+ — 2
et y_1+ 2 y_1+ 2 &
The boundary conditions are
1 if 50
H(9 = {o if £<0
d__ Ux*x as * 400 3)
D, (x%0)=10 if x*< 0 4)

O, (x% &) = ID(xx KHH(%)  if xx>0  (5)
where H is the Heaviside function. We first study the predictionsof
lineartheory to find where and how it breaks down. That information
then guidesthe developmentand descriptionof the nonlineartheory.
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Linear Theory

Linear theory results after nondimensionalscaling ¢x= (€/ U)t,
x*x=4£x, y*=4Ly (where £ is a length scale), from an asymptotic
expansion in terms of & <<1:

D(x y* 19 = Uﬂ{x+ 0P(x, y, 1) + e}

Substitution into Egs. (1-5), and collection of terms of correspond-
ing orders, gives to order &,

(Méo_ Do —yy +2M> s + M2y =0
o p=0= H(x)H(t)
¢ 0 as

A change of coordinates to

X _)_w

=M

| =
x=x__t and o

gives the following problem for the wave equation:

Sy + Oy —7=0
with
¢ p=o= H(x/ + M_g)H(1)
and
¢X/ ~0 as x/ ——00

This wave equation corresponds to the propagation of acoustic
waves with speed one in a coordinate system moving with the
freestream flow (see Fig. 1 for the case M__ < 1).
. . . 00
The solution to this problem is
H(E+ M_7)

0= _71”17\/(?_r)2_(x/_<§)2_y2

for xP 42 <7

dédr

o= _0H&NH(_y) for xP+)y* 7

except when M 00 1, in which case also
xI+ M
p=y_ LT 04

-

: for O<y<—M oo_l
VM1 OOVI
'\&oo; _ly_Mog< Xl < _A/P _y?

Note that the domain of integration s the region bounded by
the wedge, the y = 0 axis, and the réfrograde Mach cone. This
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Fig.1 Acoustic waves: M <1.

can be integrated out directly to give, for x + y*> < 7> (inx, ¢, 1
variables),

- X t T
=1 in~!| —— -
¢ [ sin ( i yz) + 2]

(x _ z+z)\/‘—) n]

B s PN
(x+1

7]
_z)m o2

+ \/%Méo{&‘ \/Méo_ DI(x —1)? + 32 _7]

+ M x 1) +1] _&@m} 6)

1fMoo< 1;

- X t T
=1 in-!| =—— -
¢ [ sin ( i yz) + 2]

y[ [ e Ton 2 7r
- (x+7_tnP_

+ y| sin~! Xx 14 t) _(M i
(x _1+ z) T2
M 1_
_ sin"! N;c + (7)
Méo_l 2
if Moo> 1; and -
t
T =A/x(2t _x) _y*+1t + sin! [ ———
A2y ) ]
o Z i =2 ] 8)
-1 2 xA/12 )2

if Moo: 1. Note that because
arcsiny = _i&n[1/1 _x2+ ix] if

Equations (6) and (7) agree and, furthermore, as M
fixed, x =7 0, Eqgs. (6) and (7) become Eq. (8).

Note that hnearlzed theory breaks down for M __~, 1 because, in
x/, t coordinates, the wedge is flying at Mach 1 soo%dt disturbances
pile up at the nose, eventually forming a shock. Nonlinear theory
must be used to correctly represent the interactions at this point in
recognition of the fact that disturbances in the flow direction are of
much larger order than those occurring transversely.

x2<1
_ 1, forx,y

Nonlinear Theory
In the nonlineartheory, we look for ti(9), U0), €(9), o(d), so that

D,y 19) = ULy + (O @X. 3, 5, K) + .3
where X, ) are stretched coordinates

S=x/ud, Fy=y/ud and K:(I_Még/o(b)

Note that K will be >, =, or < 0 in what follows as M __is <, =,
or >1. Determination of €, 1, v, and o is made by insisting that
the boundary condition be retained [®, ,4=0 = U (e/ V=0 =
0O(9)], that the nonlinear term in the flow direction be preserved as
well as the transonic nature of the equation, and that the unsteady
nature of the problem be maintained. Hence, v = 8'3, u = &3,

€= 8", and o= &, so that

D= UL+ S @R 7. K + ..}

where
1 _ M ~ X ~_ Y
K= ——69 Y= =, y=
5 & S

and @is governed by the unsteady transonic small disturbanceequa-
tion

(K—(y+ D)@ + ¢y —2¢, =0 ©)]
with

Pp=0= HEH() (10)
In addition, for M oo< 1

_TTQ A2t + K2 __)?

;[ . ( 3% + Ki) + K57 )

(2% + K0\ 2+ K72

. 2y?
(2]
+sin ( —t(2x + K1)

+ L_[&@|\/K(2§cz+ K _3) + 5%+ Kt

AN+ K}z] for
0 for

~

or, for Moo> 1,

_nQ APt + Ki? _)?
[ . 1( )~c(2)~c+Kt)+K)~/2)
—sSm—

=7 (2% + Kn)\K2+ K52

. 2y?
Nl ]
+sin ( _t(2x+Kt)) +
[ - X+ Kt n]
— ———| SIn— —— —_
J V¥ K2

for 37 < 2Xt+ K¢?

Y < 2%t + Kr*

2> 2%t + Kr? (11)

¥ > 2x + Kr? (12)
or, for Moo: 1,

_nQ, 2\ Pxt )2 _}{(nlz) + sin='[1 _(3?/ z})]}

for t>0, (3?1 xt) < 2 fixed

~0 otherwise (13)
asx,y _,
The far-h%% condition was obtained by matching with the near-
field linear solutions obtained from Eqgs. (6-8).
Note that 5¢(x, y, 1) _ 83X, 7, t). Note also that this match-
ing does in fact determine the scale of the nonlinear stretching.

Instead of the conditions we used to determine €, u, v, and o, we
could have used the necessity for matching. Thus from Eq. (8), we
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would haverequiredS [p(d)] = M) = €(5), giving pt = V2. Be-
cause € = VO (from thg Poundary condition on the wedge), €, U, V,
and o are determined with only one other condition, namely that
Eq. (9) be a distinguished limit of Eq. (1). Note also that, although
the transonic correctionto the uniformflow is O(8"?), the transonic
correction to the pressure is in fact O(&3).

Conical Coordinates

The nonlinear problem (9-13), to be solved numerically to de-
termine the nonlinear effects, involves three independent variables.
This boundary value problem has conical symmetry. We could thus

use the conical coordinates
X=X/t Y:j}/l‘, q(;c,j),t):tl//(X,Y)

to study the problem. But, in fact, it is useful to make yet one more
change of variables~* namely to let R = X _Y?/2 + K/2 and
3 = Y. In these coordinates, the mixed derivative term disappears
from the equation. Thus, we get the mixed type equation

(Y + Dwr —2R1Wrr — W9 + Wr =0 (14)

with
Wspp=0 = H(R _K/2) (15)

and

_1 — 2R+ ¥ _K
x[&@lz YKR+ 2R+ 92+1<|
— QR+ 92 _K)? + 4K 9]

. [2R_9?
_9[ sin (—2R+ 92)
. (2R+ 922 _KQR_9) ]}
- 16
e ( QR+ 92)42R+ 92 _K)* + 4K 9> (16)

0
y~0 y ~ far-field
=0 / =1 R
Y K2 %

Fig.2 Boundary and far-field conditions: M <1.

2.5

i
/m///l/

Theta 0

if Moo< 1 (see Fig. 2),

— 2
WN—%HW%Q%_Eg;iTE
[ 2R+ 92+ K E]
X VRR+ 97 _K)? + 4K 9
[ 2R_9?
_9[ sin (—2R+ I
L 2R+ 9% _KQ2R_%) ]}
—sin— + 7T
QR+ 92)\/(2R+ 32 _K)2+4K92
(17)
if Moo> 1, and
1 — . 2R_9? T
WN_;H(R){z\?R_S[ s (m)-FE]} (18)
if M Wthh is in fact just the limit of Eq. (16) or (17) as
K O% asR

—)
In these coordinates, one finds the slopes of the characteristics

and shocks as

dR = A r+ 1) 2R
d9 characteristic B i y * WR -
dR

— A/ 1 2R
( d9 ) shock i (7/ * )<WR)_

where (| denotes the average acrossthe shock. The latter came from
the shotk jump conditions, which are

[vl=0
and
[(7 + D2 _2Ry]|d9 + [ys]dR =0

Here [ ] denotes the jump across the shock. Thus, the shock polar
is

{(r + D(wr)y = 2R}yl = [ysT?

Conclusions
The numerical solution of Egs. (14-18), coupled with the shock
jump conditions, was found by using a type-sensitive,conservative
finite-difference scheme. The pressure coefficient plots, Figs. 3—18,
show the shock development. These plots also show the stagnation
point singularity at the nose of the wedge and how the shock forms.

Fig.3 Pressure coefficient plot in conical variables: K = 0.
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Fig.4 Pressure coefficient plot in conical variables:
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Fig.5 Pressure coefficient contours in conical variables:
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Fig. 6 Pressure coefficient contours in conical variables: K
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Fig.8 Pressure coefficient contours in physical variables: K
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Fig. 10 Pressure coefficient contours in physical variables: K = 1 and ¢ = 300.
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Fig. 11 Pressure coefficient contours in physical variables: K= __1and ¢t = 100.
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Fig. 12 Pressure coefficient contours in physical variables: K= __1 and ¢t = 300.
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Fig. 13 Pressure coefficient contours in physical variables: K = _2.134 and ¢ = 100.
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Fig. 14 Pressure coefficient contours in physical variables: K = _2.134 and ¢ = 300.
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Fig. 15 Pressure coefficient contours in physical variables: K = __4 and ¢t = 100.
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Fig.16 Pressure coefficient contours in physical variables: K = __4 and ¢t = 300.
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Fig.17 Pressure coefficient on the wedge in conical variables: K = 2.
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Fig.18 Pressure coefficient on the wedge in conical variables: K = 0.

The plots have been executed for a range of values of K, namely
_4,_2.134,_1,0,1,and2. Thevalue K = _(3 3(y+1)/4)*3 ~
_2.134 is that at which, for steady flow over ﬁ/éedge, the flow
behind the shock would be sonic. For K > .134, the steady
flow would have a detached shock wave. At K = _2.134, the
shock would attach itself to the wedge, but for K > _2.258, the
flow behind would be subsonic; hence, the shock curved. The value
K=_] \7 y+ 13 ~ —2.258 isthatat which, for steady flow past

the wedge, the shock straightens. Hence, for K = _4, the steady
flow would have an attached, straight shock.! In addition to R, 9
plots (which containall of the X, ¥, ¢ information), explicit ones in
X, y coordinates were done for t = 100 and ¢ = 300.

Figures 3-7 show the pressure coefficient ¢, at each pointin R, 3
space for the K valuesof _4, _2.134, _1, 0, 1, and 2 (note that the
nose of the wedge, x = y = 0, correspondsto R = K/2, 3 = 0).
The shock forms initially near the nose and, for K > _2.134, as
time passes, it moves to upstream infinity. This is easily seen in
Figs. 9-12, where the pressureis plotted in physicalX, ¥ coordinates
for a sequence of increasing times (note that Fig. 8 is a zoom in to
show details of Fig. 9). The strength of the shock increases as K
decreases, as can be seen more clearly from Figs. 17 and 18, which
show the pressure coefficient on the surface (3 = 0). The shock
itself, for a fixed value of K> _2.134, not only moves upstreamas
t increases but also straightens (see Figs. 9—12 and note the different
scales). This is expected because, for a fixed ¢, the shock asymptotes
the parabola y* = 2xr+ K¢* for large values of y. For K « _2.134,
the shockisattachedatthe noseand staysthatway. For K = _2.134,
it is curved; for K = _4, it is straight (Figs. 13-16).
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