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Unsteady Transonic Flow:
Flow About a Suddenly De¯ ected Wedge
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Analysis of unsteady transonic ¯ ows is important in the understanding of maneuvering and accelerating ¯ ight
near the speed of sound. The ¯ ow about a suddenly de¯ ected two-dimensional wedge is investigated. Asymptotic

methods are used to develop the appropriate unsteady transonic small-disturbance formulation. Numerical calcu-
lations are presented and discussed that show the development of shock patterns and the approach to steady state

for ¯ ows with Mach numbers in the neighborhood of 1.

Introduction

I N this paper, the ¯ ow about a suddenlyde¯ ected wedge in a uni-
form stream with upstream Mach number M 1 near 1 is studied.

Asymptotic methods are used to develop the appropriate unsteady
transonic small disturbance formulation of the problem on which
numerical computation is then carried out. The developmentof the
shock patterns and the approach to steady state is shown in cases
where M 1 < 1 (subsonic), M 1 = 1 (sonic), and M 1 > 1 (super-
sonic), where M 1 = U/a 1 is the upstream Mach number for the
¯ ow and a 1 is the speed of sound in the undisturbed gas.

Considera uniformsteady¯ ow in the x ¤ direction for t ¤ < 0 (and
for t ¤ > 0 at upstream in® nity) with speed U ¼ a 1 . At t ¤ = 0, a
wedge, originally the line x ¤ > 0, y ¤ = 0, opens to an angle d ¿ 1
so that for t ¤ > 0 the wedge is located at y ¤ = §d x ¤ , x ¤ > 0.
Because the problem is symmetric about y ¤ = 0, we consider only
y ¤ ¸ 0 henceforth, and the vertical velocity at y ¤ = 0 is zero for
x ¤ < 0.

To study this problem, we note that, because the shocks are weak,
the ¯ ow is isentropic with small corrections so that a potential,
U (x ¤ , y ¤ , t ¤ ), describes the primary ¯ ow. The full two-dimensional
potential formulation is1

(a2 ¡ U 2
x ¤

) U x ¤ x ¤ ¡ 2 U x ¤ U y ¤ U x ¤ y ¤ + (a2 ¡ U 2
y ¤

) U y ¤ y ¤

¡ 2 U x ¤ U x ¤ t ¤ ¡ 2U y ¤ U y ¤ t ¤ ¡ U t ¤ t ¤ = 0 (1)

where a, the local speed of sound, is given by

U t ¤ +
a2

c ¡ 1
+

U 2
x ¤ + U 2

y ¤
2

=
a2

1
c ¡ 1

+
U 2

2
(2)

The boundary conditions are

H ( f ) = {1 if f ¸ 0

0 if f < 0

U ! U x ¤ as x ¤ ! ¡ 1 (3)

U y ¤ (x ¤ , 0) = 0 if x ¤ < 0 (4)

U y ¤ (x ¤ , d x ¤ ) = d U x ¤ (x ¤ , d x ¤ )H (t ¤ ) if x ¤ > 0 (5)

where H is the Heaviside function.We ® rst study the predictionsof
linear theory to ® nd where and how it breaksdown. That information
then guides the developmentand descriptionof the nonlineartheory.
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Linear Theory
Linear theory results after nondimensional scaling t ¤ = ( /̀ U )t ,

x ¤ = x̀ , y ¤ = ỳ (where ` is a length scale), from an asymptotic
expansion in terms of d ¿ 1:

U (x ¤ , y ¤ , t ¤ ) = U `f x + d u (x , y, t ) + ¢ ¢ ¢ g
Substitution into Eqs. (1±5), and collection of terms of correspond-
ing orders, gives to order d ,

( M2

1 ¡ 1) u xx ¡ u yy + 2M2

1 u xt + M2

1 u tt = 0

u y j y = 0 = H (x)H (t )

u x » 0 as x ! ¡ 1
A change of coordinates to

x 0 = x ¡ t and Åt = t/ M 1
gives the following problem for the wave equation:

u x 0 x 0 + u yy ¡ u tt = 0

with

u y j y = 0 = H (x 0 + M 1 Åt )H ( Åt )

and

u x 0 » 0 as x 0 ! ¡ 1
This wave equation corresponds to the propagation of acoustic
waves with speed one in a coordinate system moving with the
freestream ¯ ow (see Fig. 1 for the case M 1 < 1).

The solution to this problem is

u = ¡ 1

p * *
D

H ( n + M 1 s )

Ï ( Åt ¡ s )2 ¡ (x 0 ¡ n )2 ¡ y2
dn ds

for x 0 2 + y2 < Åt 2

u = (y ¡ Åt )H (x 0 )H ( Åt ¡ y) for x 0 2 + y2 ¸ Åt2

except when M 1 > 1, in which case also

u = y ¡
x 0 + M 1 Åt

Ï M 2

1 ¡ 1
for 0 < y <

Åt
M 1 Ï M2

1 ¡ 1

Ï M2

1 ¡ 1y ¡ M 1 Åt < x 0 < ¡ Ï Åt2 ¡ y2

Note that the domain of integration Dis the region bounded by
the wedge, the y = 0 axis, and the retrograde Mach cone. This
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Fig. 1 Acoustic waves: M1 < 1.

can be integrated out directly to give, for x 0 2 + y2 < Åt 2 (in x , t, Åt
variables),

¡ p u = Åt[ sin¡ 1( x ¡ t

Ï Åt 2 ¡ y2 ) +
p

2 ]

¡ y[ sin¡ 1( Åt (x + Åt ¡ t ) ¡ y2

(x ¡ t + Åt ) Ï Åt 2 ¡ y2 ) +
p

2 ]

¡ y[ sin¡ 1( (1 ¡ M 1 )y2 + x(x + Åt ¡ t )

(x + Åt ¡ t )Ï x2 + (1 ¡ M2

1
) y2 ) ¡

p

2 ]

+
x

Ï 1 ¡ M2

1
{ ê

ê Ï (M 2

1 ¡ 1)[(x ¡ t)2 + y2 ¡ Åt2]

+ M 1 (x ¡ t ) + Åt ê
ê ¡ Ï x2 + (1 ¡ M2

1
)y2} (6)

if M 1 < 1;

¡ p u = Åt[ sin¡ 1( x ¡ t

Ï Åt 2 ¡ y2 ) +
p

2 ]

¡ y[ sin¡ 1( Åt (x + Åt ¡ t ) ¡ y2

(x + Åt ¡ t ) Ï Åt 2 ¡ y2 ) +
p

2 ]

+ y é
ë
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è
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è

M 1 x + Åt ¡ M 1 t
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2
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(7)

if M 1 > 1; and

¡ p u = Ï x(2t ¡ x) ¡ y2 + t[ p

2
+ sin¡ 1( x ¡ t

Ï t 2 ¡ y2 ) ]

¡ y[ p

2
+ sin¡ 1( t x ¡ y2

x Ï t 2 ¡ y2 ) ] (8)

if M 1 = 1. Note that because

arcsin x = ¡ i [Ï 1 ¡ x2 + i x] if x2 ·1

Equations (6) and (7) agree and, furthermore, as M 1 ! 1, for x , y
® xed, x 6= 0, Eqs. (6) and (7) become Eq. (8).

Note that linearized theory breaks down for M 1 ¼ 1 because, in
x 0 , Åt coordinates,the wedge is ¯ ying at Mach 1 so that disturbances
pile up at the nose, eventually forming a shock. Nonlinear theory
must be used to correctly represent the interactions at this point in
recognition of the fact that disturbances in the ¯ ow direction are of
much larger order than those occurring transversely.

Nonlinear Theory
In the nonlineartheory,we look for l (d ), m (d ), ²( d ), r ( d ), so that

U (x ¤ , y ¤ , t ¤ ) = U`f x + ²( d ) } ( Äx , Äy, t; K ) + ¢ ¢ ¢ g
where Äx , Äy are stretched coordinates

Äx = x/ l ( d ), Äy = y/ m ( d ) and K = (1 ¡ M2

1
)/ r ( d )

Note that K will be > , = , or < 0 in what follows as M 1 is < , = ,
or >1. Determination of ², l , m , and r is made by insisting that
the boundary condition be retained [U y ¤ j y ¤ = 0 = U (²/ m ) u Äy j Äy = 0 =
O( d )], that the nonlinear term in the ¯ ow direction be preserved as
well as the transonic nature of the equation, and that the unsteady
nature of the problem be maintained. Hence, m = d 1/ 3, l = d 2/ 3,
² = d 4/ 3 , and r = d 2/ 3 , so that

U = U {̀x + d
4
3 } ( Äx , Äy, t; K ) + ¢ ¢ ¢ }

where

K =
1 ¡ M2

1
d

2
3

, Äx =
x

d
2
3

, Äy =
y

d
1
3

and } is governedby the unsteadytransonicsmall disturbanceequa-
tion

((K ¡ ( c + 1) } Äx )) } Äx Äx + } Äy Äy ¡ 2} Äxt = 0 (9)

with

} Äy j Äy = 0 = H ( Äx)H (t ) (10)

In addition, for M 1 < 1

¡ p } » Ï 2t Äx + K t2 ¡ Äy2

¡ Äy[ sin¡ 1( Äx(2 Äx + K t ) + K Äy2

(2 Äx + K t) Ï Äx2 + K Äy2 )
+ sin¡ 1 ( 1 ¡

2 Äy2

t (2 Äx + K t) ) ]

+
Äx

p K
[ j Ï K (2 Äxt + K t2 ¡ Äy2) + Äx + K t j

¡ Ï Äx2 + K Äy2] for Äy2 < 2 Äxt + K t 2

» 0 for Äy2 > 2 Äxt + K t 2 (11)

or, for M 1 > 1,

¡ p } » Ï 2 Äxt + K t 2 ¡ Äy2

¡ Äy[¡ sin¡ 1 ( Äx(2 Äx + K t ) + K Äy2

(2 Äx + K t ) Ï Äx2 + K Äy2 )
+ sin¡ 1 ( 1 ¡

2 Äy2

t (2 Äx + K t ) ) + p ]

¡
Äx

p j K j [ sin¡ 1 ( Äx + K t

Ï Äx2 + K Äy2 ) ¡
p

2 ]
for Äy2 < 2 Äxt + K t 2

» 0 for Äy2 > 2 Äx + K t 2 (12)

or, for M 1 = 1,

¡ p } » 2Ï 2 Äxt ¡ Äy2 ¡ Äy f ( p /2) + sin¡ 1[1 ¡ ( Äy2/ t Äx)]g
for t > 0, ( Äy2/ Äxt ) < 2 ® xed

» 0 otherwise (13)

as Äx , Äy ! 1 .
The far-® eld condition was obtained by matching with the near-

® eld linear solutions obtained from Eqs. (6±8).
Note that d u (x , y, t ) » d 4/ 3 } ( Äx , Äy, t ). Note also that this match-

ing does in fact determine the scale of the nonlinear stretching.
Instead of the conditions we used to determine ², l , m , and r , we
could have used the necessity for matching. Thus from Eq. (8), we
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would have required d p [ l ( d )] = d m ( d ) = ²( d ), giving l = m 2. Be-
cause ² = m d (from the boundary condition on the wedge), ², l , m ,
and r are determined with only one other condition, namely that
Eq. (9) be a distinguished limit of Eq. (1). Note also that, although
the transoniccorrection to the uniform¯ ow is O( d 4/3), the transonic
correction to the pressure is in fact O( d 2/ 3).

Conical Coordinates
The nonlinear problem (9±13), to be solved numerically to de-

termine the nonlinear effects, involves three independentvariables.
This boundary value problem has conical symmetry. We could thus
use the conical coordinates

X = Äx/ t , Y = Äy/ t, } ( Äx , Äy, t) = t w (X, Y )

to study the problem. But, in fact, it is useful to make yet one more
change of variables,2±4 namely to let R = X ¡ Y 2/2 + K /2 and
" = Y . In these coordinates, the mixed derivative term disappears
from the equation. Thus, we get the mixed type equation

[( c + 1) w R ¡ 2R] w RR ¡ w " " + w R = 0 (14)

with

w " j " = 0 = H (R ¡ K /2) (15)

and

w » ¡ 1

p
H (R){ p 2R +

2R + " 2 ¡ K

2 p K

£ [ j 2 p 2K R + 2R + " 2
+ K j

¡ Ï (2R + " 2 ¡ K )2 + 4K " 2]

¡ " [ sin¡ 1( 2R ¡ " 2

2R + " 2 )
+ sin¡ 1( (2R + " 2)2 ¡ K (2R ¡ " 2)

(2R + " 2) Ï (2R + " 2 ¡ K )2 + 4K " 2 ) ]} (16)

Fig. 2 Boundary and far-® eld conditions: M 1 < 1.

Fig. 3 Pressure coef® cient plot in conical variables: K = 0.

if M 1 < 1 (see Fig. 2),

w » ¡
1

p
H (R){ p 2R ¡

2R + " 2 ¡ K

2 p j K j

£ [ sin¡ 1( 2R + " 2 + K

Ï (2R + " 2 ¡ K )2 + 4K " 2 ) ¡
p

2 ]

¡ " [ sin¡ 1( 2R ¡ " 2

2R + " 2 )
¡ sin¡ 1( (2R + " 2)2 ¡ K (2R ¡ " 2)

(2R + " 2) Ï (2R + " 2 ¡ K )2 + 4K " 2 ) + p ]}
(17)

if M 1 > 1, and

w » ¡
1

p
H (R){2 p 2R ¡ " [ sin¡ 1( 2R ¡ " 2

2R + " 2 ) +
p

2 ]} (18)

if M 1 = 1 [which is in fact just the limit of Eq. (16) or (17) as
K ! 0] as R, " ! 1 .

In these coordinates, one ® nds the slopes of the characteristics
and shocks as

( dR

d " )
characteristic

= §Ï ( c + 1) w R ¡ 2R

( dR

d " )
shock

= §Ï ( c + 1) h w R i ¡ 2R

where h i denotes the averageacross the shock.The latter came from
the shock jump conditions, which are

[[w ]] = 0

and

[[( c + 1) w 2
R/2 ¡ 2R w R]]d " + [[ w " ]] dR = 0

Here [[ ]] denotes the jump across the shock. Thus, the shock polar
is

f ( c + 1) h w R i ¡ 2R g [[w R ]] = [[w " ]]2

Conclusions
The numerical solution of Eqs. (14±18), coupled with the shock

jump conditions,was found by using a type-sensitive,conservative
® nite-differencescheme. The pressure coef® cient plots, Figs. 3±18,
show the shock development. These plots also show the stagnation
point singularity at the nose of the wedge and how the shock forms.
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Fig. 4 Pressure coef® cient plot in conical variables: K = 1.

Fig. 5 Pressure coef® cient contours in conical variables: K = ¡ 1.

Fig. 6 Pressure coef® cient contours in conical variables: K = ¡ 2.134.
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Fig. 7 Pressure coef® cient contours in conical variables: K = ¡ 4.

Fig. 8 Pressure coef® cient contours in physical variables: K = 1 and t = 100.

Fig. 9 Pressure coef® cient contours in physical variables: K = 1 and t = 100.
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Fig. 10 Pressure coef® cient contours in physical variables: K = 1 and t = 300.

Fig. 11 Pressure coef® cient contours in physical variables: K = ¡ 1 and t = 100.

Fig. 12 Pressure coef® cient contours in physical variables: K = ¡ 1 and t = 300.
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Fig. 13 Pressure coef® cient contours in physical variables: K = ¡ 2.134 and t = 100.

Fig. 14 Pressure coef® cient contours in physical variables: K = ¡ 2.134 and t = 300.

Fig. 15 Pressure coef® cient contours in physical variables: K = ¡ 4 and t = 100.
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Fig. 16 Pressure coef® cient contours in physical variables: K = ¡ 4 and t = 300.

Fig. 17 Pressure coef® cient on the wedge in conical variables: K = 2.

Fig. 18 Pressure coef® cient on the wedge in conical variables: K = 0.

The plots have been executed for a range of values of K , namely

¡ 4, ¡ 2.134, ¡ 1, 0, 1, and 2. The value K = ¡ (3 p 3( c + 1)/ 4)2/3 ¼
¡ 2.134 is that at which, for steady ¯ ow over the wedge, the ¯ ow
behind the shock would be sonic. For K > ¡ 2.134, the steady
¯ ow would have a detached shock wave. At K = ¡ 2.134, the
shock would attach itself to the wedge, but for K > ¡ 2.258, the
¯ ow behind would be subsonic; hence, the shock curved.The value
K = ¡ [ p 2( c +1)]2/3 ¼ ¡ 2.258 is that at which, for steady¯ owpast

the wedge, the shock straightens. Hence, for K = ¡ 4, the steady
¯ ow would have an attached, straight shock.1 In addition to R, "
plots (which contain all of the Äx , Äy, t information), explicit ones in
Äx , Äy coordinates were done for t = 100 and t = 300.

Figures 3±7 show the pressurecoef® cient cp at each point in R, "
space for the K values of ¡ 4, ¡ 2.134, ¡ 1, 0, 1, and 2 (note that the
nose of the wedge, x = y = 0, corresponds to R = K / 2, " = 0).
The shock forms initially near the nose and, for K > ¡ 2.134, as
time passes, it moves to upstream in® nity. This is easily seen in
Figs. 9±12,where the pressureis plotted in physical Äx , Äy coordinates
for a sequence of increasing times (note that Fig. 8 is a zoom in to
show details of Fig. 9). The strength of the shock increases as K
decreases, as can be seen more clearly from Figs. 17 and 18, which
show the pressure coef® cient on the surface ( " = 0). The shock
itself, for a ® xed value of K > ¡ 2.134, not only moves upstream as
t increasesbut also straightens(see Figs. 9±12 and note the different
scales).This is expectedbecause,for a ® xed t, the shockasymptotes
the parabola Äy2 = 2 Äxt + K t 2 for largevaluesof Äy. For K · ¡ 2.134,
the shockis attachedat thenoseandstays thatway.For K = ¡ 2.134,
it is curved; for K = ¡ 4, it is straight (Figs. 13±16).
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